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In this paper, we propose a robust method for the estimation of regression function.
By symmetric addition, we change platykurtic errors into leptokurtic errors; and then
estimate the nonparametric function by the local polynomial least absolute deviation re-
gression. Different from the local polynomial least squares estimator, the new estimator
is robust for outliers and heavy-tailed errors even if the error variance does not exist;
different from the usual local polynomial least absolute deviation estimator and the
composite quantile regression estimator, it does not depend on the finite density values
at chosen quantile points, but relies on the expectation of the error density. To improve
the finite sample performance, two bias-reduced versions are further proposed under

Platykurtic and heavy-tailed errors different smoothness conditions. For the equidistant designs, the asymptotic properties

are established. In simulations, the new estimator has the less mean square errors than
its main competitors in the presence of platykurtic and heavy-tailed errors.
© 2020 Elsevier B.V. All rights reserved.

1. Introduction

In nonparametric estimation of regression function, the local polynomial least squares (LS) regression is a successful
and popular method, and its asymptotic theory has been well studied in the literature (Fan and Gijbels, 1996). If the errors
are normally distributed, the LS estimator is the most efficient estimator and has the likelihood interpretation (Fan et al.,
1998). Facing the outliers and heavy-tailed errors, the LS estimator is not robust and its efficiency cannot be guaranteed,
i.e., for the Cauchy distribution. Therefore, it is important to develop robust and efficient estimation methods for many
applications such as finance and economics (Zhao and Xiao, 2014).

Traditionally, there were two kinds of robust procedures: locally weighted LS regression and local least absolute
deviation (LAD) regression. Locally weighted LS procedure aims to reduce the influence of outliers by assigning the down-
weight to outliers, and in spirit is locally linear, including locally weighted polynomial LS fitting (Cleveland, 1979), kernel
M-smoother method (Hardle and Gasser, 1984), and spline smoother (Silverman, 1985). Local LAD regression is a different
procedure. Tukey (1977) proposed various modifications of local median smoothing, Fan and Hall (1994) proposed a
framework and gave its asymptotic efficiency. Wang and Scott (1994) proposed the local polynomial LAD regression to
further reduce the bias. Welsh (1996) considered the estimation of the regression function and spread functions and their
derivatives. Brown et al. (2008) further proposed the wavelet median regression. These methods are robust for outliers and
heavy-tailed errors, meanwhile need to satisfy an implied condition to keep the estimation efficiency: the error density

* Corresponding author.
E-mail address: wengewsh@sina.com (W. Wang).

https://doi.org/10.1016/j.jspi.2020.07.007
0378-3758/© 2020 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.jspi.2020.07.007
http://www.elsevier.com/locate/jspi
http://www.elsevier.com/locate/jspi
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jspi.2020.07.007&domain=pdf
mailto:wengewsh@sina.com
https://doi.org/10.1016/j.jspi.2020.07.007

424 W. Wang, W. Shen and T. Tong / Journal of Statistical Planning and Inference 211 (2021) 423-438

is leptokurtic. If the density function value at median becomes smaller, the estimation variance becomes larger and thus
the estimation efficiency is lower.

To improve the efficiency, the quantile regression (Koenker and Bassett, 1978; Koenker, 2005) provides a useful
technique. Yu and Jones (1998) and Hdrdle et al. (2013) proposed the local quantile regression. For certain distributions,
a quantile estimator at non-median may deliver a more efficient estimator than the LAD estimator. Since quantile
regression provides a way of exploiting the distribution information, combining information over multiple quantiles may
improve the estimation efficiency. Kai et al. (2010) proposed the local composite quantile regression (CQR) estimator by
simple averaging multiple quantile regression estimators, which is asymptotically equivalent to the local LS estimator
as the number of quantiles goes to infinity. Fan et al. (2018) generalized CQR to the single-index model. Zhao and
Xiao (2014) proposed the locally weighted quantile average (WQA) estimator by optimally weighting multiple quantile
regression estimators, which achieves the Cramer-Rao lower bound of variance as the number of quantiles goes to infinity.
However, the asymptotic properties of CQR and WQA estimators depend on the information at all quantile points. In
practical applications, both estimators are a generalization of the LAD estimator, from one quantile to finite quantiles.
The estimation efficiency depends on the error density values at finite quantiles.

In this paper, we propose a new and robust method to deal with platykurtic errors and outliers. By the additive
transformation of the original data, we change platykurtic errors into peak errors; then we use the local LAD regression to
estimate the regression function. The new function estimation is robust for outliers and heavy-tailed errors, meanwhile
improve the estimation efficiency for platykurtic errors.

2. Estimation methodology

Consider the nonparametric regression model
Yi=mx)+e, 0=<i=<n, (M

where x; = i/n are the equidistant design points, m(-) is an unknown smooth regression function, and ¢; are independent
and identically distributed (i.i.d.) random errors with median 0 and a symmetric density function f(-).

2.1. An illustration

In the past ten years, the China house prices change dramatically, which go through three-time fast increasing. Facing
the dramatic changes, Wang et al. (2019) proposed a robust and efficient method to estimate the relative growth rate,
which is equivalent to estimate the first-order derivative. In this paper, we propose a new method to estimate the price
curves robustly (see Section 5).

To show the new idea, we consider four error distributions: Uniform[—1, 1] and 50%N(—d, 1) + 50%N(d, 1) with
d = 1,2, 3. The four distributions have small density values at median 0. For independent €1, ¢; in each of the four
distributions, we construct the new error n = (€1 + €;)/2. The new errors n with median 0 have larger peak values in
Fig. 1. This toy example shows that the error with platy kurtosis can change into the peak kurtosis error by addition.

2.2. Estimation methodology

Define the symmetric (about i) first-order addition sequence as
YV = (Vi + Y2, 1<j<k )
where k is a positive integer with k+ 1 <i < n — k. Assume that m(-) is continuously differentiable. Then the first-order
Taylor expansions of m(x;+;) around x; are
J

We decompose Yé” into two parts as follows

ay _ m(xi) + m(xiyj) | €inj + €iyy

Y 2 2

=m(xf)+n.-j+0(j),

n

where n;; = (€i_j + €;4)/2 with median(n;) = 0. Thus the median of Yé-” is

Median[Yiﬁ.])] =m(x;) + o0 (i) ~ m(x;),

where j = o(n). We estimate the constant by the local LAD regression.
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Fig. 1. Densities of original errors (black line) and new errors (green line). (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

In order to deduce the accurate estimation bias, we further assume that m(-) is two times continuously differentiable.
Following the paradigm of Wang and Scott (1994) and Wang et al. (2019), we discard the higher-order terms of m(-) and

locally assume the approximate model is

Yi;l) = Bio + ﬂizzsz +ny, 1<j=<k,
where B = (Bio, Biz2)" = (m(x;), m?(x;)/2)7 are the unknown coefficients of the true underlying quadric function. Now
we apply the local constant LAD regression to estimate the constant as

(3)

k
N . ’
bio = argmin ) " |Y;" — b,
i0 =1
and define the regression function estimator as
m(x;) = bi.
The robust estimator m(x;) will not converge to m(x;), but rather to B;;, where
k
Bi1 £ argmin Z |Ci1 — (Bio + ﬂizzsz)| .
3
j=1
Note that as k — 00, B is close to m(x;). Next we first establish the asymptotic normality of m(x;).

Theorem 1. Assume that ¢; are i.i.d. random errors with median 0 and a continuous symmetric density f(-). For the equidistant
design and true model (3), as k — oo and k/n — 0, the robust error estimator m(x;) in (4) is normally distributed

2k"2g(0)((x) — Bi) —> N (0, 1),

where g(0) =2 ff; F2(x)dx, and LN denotes convergence in distribution.
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Remark 1. We assume that the error distribution is symmetric. Such a condition is only used to ensure that the quantity
to which the new estimator converges is the conditional mean function. This is similar to the case when using the local
LAD with median O to estimate the conditional mean function. In other words, we need assume that the mean and median
of the error distribution coincide. The same assumption is used in Kai et al. (2010).

Now we give the asymptotic properties of m(x;).

Theorem 2. Under the assumptions of Theorem 1, the bias and variance of the robust estimator in (4) are, respectively,
2)(x.) Jo2
m®@(x;) k . 1
—, Var[m(x;)] ~ .
6 n? [m(x)] 4g(0)2k

The optimal k that minimizes the asymptotic mean square error (AMSE) is

9 1/5
kopt ~ | ——— | 1%,
P 4g(02m2)(x; 2

and, consequently, the minimum AMSE is

Bias[f1(x;)] 2 E[f(x;)] — m(x;) ~

. m®2x)?\ "°
AMSE[f(x;)] ~ 0.27 <%> n=4s.

Remark 2. As for the choice of the tuning parameter, there are two standard approaches: plug-in approach and cross-
validation approach. Since our estimation method leaves Y; out to estimate m(x;), we can adopt the leave-one-out
cross-validation to estimate k. The criterion is

n
h = arg min Z(Yi — m(x;))%.
P

The more details refer to Hardle and Marron (1985) and Li and Racine (2004).

Since the higher-order terms have no effect on the asymptotic results including the bias and the variance, thus the
robust estimator (4) has asymptotic property in the nonparametric model (1) .

Corollary 1. For the nonparametric regression model (1), as k — oo and k/n — O, the robust estimator in (4) is normal

distributed

@)(x:) k2
MK 4 N1,
6 n?

as k — oo and k> /n* — 0, the robust estimator in (4) is normal distributed

2k g(0)(M(x;) — m(x;) —

2k12g(0) (m(x;) — m(x,-)) N 0,1).

Remark 3. As for the choice of addition sequence, we can define the difference sequence Y( ) = (Yiij — 2Y; + Yiy)/2.
Decompose Yij into two parts and simplify it to

m(xi—j) — 2Yi + m(xiyj) | €ioj — 26 + €iy
2 + 2

—61+ﬂu+0<1>.
n

Since i is fixed as j changes, we estimate ¢; as

& = arg mm Z |Y(2

2)
Yij =

Define the regression function estimator as
m(x;) =Yi — &, (5)

due to m(x;) = Y; — ¢ (Wang et al,, 2017; Wang and Yu, 2017). The same asymptotic results for m(x;) in (5) can be
established as in Theorem 2 according to m(x;) — m(x;) = —(&; — €;).
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2.3. Estimation methodology with random addition

In order to improve the estimation efficiency, we define the first-order random addition sequence as
@ _ Yig+ Yy
Yy ' =———
2
somewhat like random difference for derivative estimation in Wang et al. (2019). For the first-order Taylor expansion, we
simplify it to

, —k<j<l<k, (6)

o |
Y = m(x) + mD g + g+ o (% + E) . —k<j<l<k (7)

Xipj+Xip|—2%;

5 = @ Since i is fixed as j and | change and Median(n;;) = 0, then

where niji = (€i+j + €iy1)/2 and Xiji =
Median(Y$) ~ m(x;) + m®(x;)x;.
Now we adapt the local LAD to estimate parameters

A~ A N\T . 1
(Gio, ain)’ = argamlaf! Z |Y,~§-1) — ajp — i1Xijll, (8)
08 <<k

and define the estimator of m(x;) as

m(x;) = @o. (9)
The asymptotic results are as follows.
Theorem 3. Under the assumptions of Theorem 1, the bias and variance of the robust estimator in (9) are, respectively,

m®(x;) k>
6 n?’

Bias[m(x;)] 2 E[fm(x;)] — m(x;) ~ Var[m(x;)] ~

6g(0)2k

Remark 4. From Theorems 2 and 3, the bias of the estimation by random addition is the same as the estimation
by symmetric addition; while the variance of the estimation by random addition reduces to 2/3 of the estimation by
symmetric addition. Thus random addition is helpful to improve the efficiency. This idea in spirit is similar to the one-
sample Hodges-Lehmann estimator of the center of a distribution (Hodges and Lehmann, 1956; Hershberger, 2011), which
was defined as the median of the set of n(n + 1)/2 Walsh averages, where each Walsh average is the arithmetic average
of two observations.

3. Comparison to existing local linear estimators

For the overall comparison, we briefly review some popular nonparametric estimation methods. For simplicity, we
adopt the uniform kernel for all local methods and then h = k/n.
Fan and Gijbels (1996) proposed the local linear LS regression to estimate the nonparametric function,

k

A5 % . 2

(BS, BS)' = argmin Z (Yiey — Bio — Binx;)” .
j=—k

Define the local linear LS estimator as
fus(%;) = By, (10)

Based on the technique of Wang and Lin (2015), we have the following corollary under equidistant design. When the
errors are Gaussian, the local LS estimator is the most efficient corresponding to the local likelihood criterion (Fan et al.,
1998).

Corollary 2. Assume that €; are i.i.d. random errors with mean 0 and variance o for the nonparametric regression model

(1). Then the bias and variance of the LS estimator in (10) are, respectively,
2)(x.) |2 2
A m9(x;) k . o
Bias[ris(x)] = —— —.  Var[r(x,)] ~ —.
6 n 2k

Wang and Scott (1994) proposed the local linear LAD method such that

)

k

plad  Rlad\T ;

(B, B = argmin ) " |Yiy; — Bio — B
j=—k
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where the similar procedure was proposed by Fan and Hall (1994) and Welsh (1996). Define the LAD estimator as
mlad(xz) - ,Blad- (11)

The asymptotic properties are given as follows.

Corollary 3. Assume that ¢; are i.i.d. random errors with median 0 and a symmetric density function f(-) for the nonparametric
regression model (1). Then the bias and variance of the LAD estimator in (11) are, respectively,
2)(x.) J2
m'<(x;) k N 1
—, Var[mjg(x)] ~ ———.

6 2 [ lad( z)] 8kf(0)2

Quantile regression technique (Koenker and Bassett, 1978; Koenker, 2005) exploits the distribution information to
improve the estimation efficiency. Based on the CQR (Zou and Yuan, 2008), Kai et al. (2010) proposed the local linear CQR
such that

Bias[1iyeq(x;)] =

q k

({BionY—y» Bin) = argmin Y " | >~ po, (vi — Bion — Buisy) | »

h=1 \j=—k

where 7, = h/(q + 1), and p.(x) = 7x — xI(x < 0) is the check loss function. Define the CQR estimator as

mcqr Xi) = Z Bion- (12)
Based on Theorem 1 of Kai et al. (2010), we have the following corollary.
Corollary 4. Assume that ¢; are i.i.d. random errors with mean 0, a symmetric density function f(-) and the cumulative

distribution function F(-) for the nonparametric regression model (1). Then the bias and variance of the CQR estimator in (12)
are, respectively,

2)(x.) Jo2
= m®(x;) k . _Ri(g)
Bias[cgr(xi)] = 6 ol Var[feg (xi)] ~ TR
where R1(q) = q2 Z l, 1T qu;f(cl/) ¢ =F Y1), and ty = min{t;, ©v} — 17y As ¢ — oo, we have that

Ri(q) — o2,

assuming the error variance o2 exists.

Corollary 4 implies the local linear CQR estimator has the same asymptotic behavior with the local linear LS estimator
as the quantile number q becomes larger. For the CQR estimator with fixed q, its behavior depends on finite density
function values from the expression of R(q).

Zhao and Xiao (2014) proposed the WQA estimator to further improve the estimation efficiency. Firstly, they use the
local linear quantile regression (Yu and Jones, 1998) to estimate the 7, quantile of m(x;)

(Bor'. Bii) £ argmin Y~ py, (vi — Bon — Binxisy).
j=—k
and then define the WQA estimator as

e thﬂ,“g;;'“, (13)
-1
where wy, = fH fq is the optimal weights, H = HWI depends on the density function f(-), and e; =
(1, ..., Dgxa- The asymptotlc properties are as follows.

Corollary 5. Assume that €; are i.i.d. random errors with mean 0, a symmetric density function f(-) for the nonparametric
regression model (1). Then the bias and variance of the WQA estimator in (13) are, respectively,

m®(x;) k? R R2(q)
5 : 5 Varlitug(x)] ~ 22k

where Ry(q) = wyHw, = (efH 'e)™". As ¢ — oo, we have that

Ry(q) = 1(f) ™",

where I(f.) is the Fisher information of f..

Bias [ﬁlwqa(xi)] =

)
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For the LS, LAD, CQR, WQA and new estimators, the asymptotic biases are all the same; while the asymptotlc variances

‘;k, 8kf:0)2, Rlz(kq), Rzz(kq), and respectively. In fact, the comparative components are ¢ R1(q), R2(q), and

4 1<g(0)2 ’

ar? TP

2g(0)%”

As g — oo, we have Ri(q) — o2 and Ry(q) — I(f.)~'. The CQR estimator is asymptotically equal to the LS estimator;
the WQA estimator is the most efficient, just like the local maximum likelihood estimator in Fan et al. (1998). However,
the WQA needs to know the error density function in advance or to be estimated accurately; otherwise, it is invalid.

When q is fixed, the CQR and WQA estimators depend on finite values of unknown density function f.. Thus the
estimation efficiency is uncertain. For the LS, LAD and new estimators, their asymptotic efficiencies do not depend on
q quantiles but keep constant. In the presence of platykurtic and heavy-tailed errors, the new estimator will have high
efficiency. In addition, the new estimator relies on g(0) = 2E[f(x)], which includes all information of the density f(-). The
term E[f(x)] appears in Theorem 3.1 of Zou and Yuan (2008) for the regression coefficients estimation except the constant
term. For the nonparametric regression function estimation in Kai et al. (2010) as well as Zhao and Xiao (2014), there is
no similar result.

4. Bias-reduced estimators

In order to improve the finite-sample performance for high-oscillate nonparametric functions, we further consider the
higher-order Taylor expansion to reduce the estimation bias. Assume that m(-) is four times continuously differentiable
and the true model is

YzEZ) = Buo + Piaad} + Piaad} + g, -

where By = (Biso, Biaz, Biaa)' = (—e;, mP(x;)/2, m¥(x;)/24)" are the unknown coefficients. Now we use the local LAD
quadratic regression to estimate the error, that is

2
bip £ arg mm Z |Y( ) Db,

where Dy; = (1, djz) , and by = (bio, bi2 )"
Define the estimators of ¢; and m(x;), respectively, as
& = —bpo, M(x;) = Yi + bio. (15)
The robust error estimator €; will converge to — B39, Where

k
Biz = (Bizo, Biz2)" 2 arg_min Z |(ci20 + Ciz2d?) — (Biao + Biaad] + Biaad}).

€i20-Ci22
Next we establish the asymptotic normality of & in (15), and derive the asymptotic properties of m(x;).

Corollary 6. Assume that ¢; are i.i.d. random errors with median 0 and a continuous, symmetric density f(-). For the equidistant
design and the true model (14), as k — oo and k/n — 0, the bias and variance of the robust estimator in (15) are, respectively,

m@(x;) k4 . 9 1
— Varm(x)] ~ ————-.
280 n* 4 4g(0)2k
The optimal k that minimizes the asymptotic mean square error (AMSE) is

1 1/9
kopr 260 ———+—— ns/g,
o (g(0)2m<4>(x,»)2>

and consequently, the minimum AMSE is

Bias[m(x;)] ~

(4)(y 2\ 1/9
AMSE[m(x;)] ~ 0.21 mx)” n=8,
g(0)16

In the nonparametric regression model (1), the robust estimator mi(x;) in (15) is normal distributed.
Further assume that m(-) is six times continuously differentiable, and the true model is

= Bico + /3,-62(1]-2 + ﬂi64dj-1 + ﬂiﬁﬁdf + nij»
where Big = (Biso, Bis2, Bisa) = (—ei, mP(x;)/2, mP(x;)/24, m®)(x;)/720)". Now we use the local LAD quartic regression

k
X : (2) T
bis £ arg I’[l;l‘}‘n E |Y,'j - D4jbi4|7
1 .
Jj=1
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Table 1
The bias and variance for three new estimators.
1 3 5
. ) 2 (4) 14 6) 6
m\< k m?) K m! K
Bias 6 n2 280 n? 33264 b
: 1 9_ 1 255 1
Variance 207k 1 2502k 64 4g(02k

where Dyj = (1, dj2, d]‘.‘)T, and bis = (biso, bisz, bias)". Define the estimator of m(x;) as

M) = Y; + biso. (16)

The asymptotic normality is valid by a similar discussion above. Next we only give the asymptotic bias and variance.

Corollary 7. The bias and variance of the robust estimator in (16) are, respectively,
m®)(x;) k° . 225 1

( l)—, Var[m(x)] ~ — ———.

33264 nb 64 4g(0)%k

For convenience, we summary the bias and variance for three estimators in Table 1.

Bias[m(x;)] ~

5. Simulation studies and data analysis
5.1. Simulation studies

In this subsection, we conduct some simulations to compare the performance of the following estimators: LS,
LAD (Wang and Scott, 1994), Huber (based on Huber loss function), Tukey (based on Tukey’s bisquare loss function)
and our NEW-S (based on symmetric difference) and NEW-R (based on random difference). We specify the regression
function as the periodic function

m(x) = sin(2mx). (17)

The error distributions are as follows: the normal distribution E; = N(0, 1?), the mixed normal distributions E, =
0.9N(0, 12)4+0.1N(0, 10?) and E3 = 0.5N(—3, 12)+ 0.5N(3, 12), the mixed Laplace distribution E; = 0.5Laplace(—2, 1)+
0.5Laplace(2, 1), and the asymmetric distribution E5s = x?(4) — 4 with mean zero. As for the sample size, we consider
n = 50, 200. To compare the performance of these estimators, we adopt the adjusted mean absolute error (AMAE) as

1 n—k

AMAE(K) = ——=2 D Ilx) — m(x),
i=k+1

with fixed k = n/10.

Table 2 reports the results of simulations based on 1000 repetitions, in which the numbers outside and inside the
brackets represent the mean and standard deviation of the AMAEs, respectively. In summary, our proposed NEW-R is
robust and efficient for all errors; the NEW-R has a better performance uniformly than the NEW-S, which coincides with
our theoretical results. For the error Eq, the LS has a little better performance than the others, and the others have the
similar performance except LAD. For the heavy-tailed error E,, the LS estimator performs worse than the others, and the
Tukey is better. For the platykurtic errors E3, the NEW-R is the best, and the LAD breaks down. For the infinite-variance
error Eg4, the Tukey is the best, and the LS breaks down. For asymmetric error Es with mean zero, the LS is best due to its
unbiasedness, and the others perform a litter worse due to their systematic deviations.

To show the importance of bias-correction, we specify that the regression function is m(x) = 10sin(2xx), which
corresponds to the high-oscillation function. The error is 0.8N(0, 0.1%) + 0.2N(0, 1?) in this setting. Fig. 2 shows that
the new bias-reduced estimator has the better performance, where NEW 1, NEW2 and NEW 3 are the new estimators with
Taylor expansion of first-order, third-order and fifth-order, respectively. To choose p and k simultaneously, we provide
the following criterion for real data

l n
'fE Y; — m(x; p, k)|
argrglknn‘lll m(x;; p, k)|
1=

5.2. House price of China in latest ten years

In reality, there are many data sets recorded by equidistance and equitime. For example, image data is recorded by
cell-grid, and temperature is recorded by hour, day or month. In this section, we apply our new method to the data set
of house price in the capital of China, Beijing. The monthly data is borrowed from Wang et al. (2019), which last from
January 2008 to July 2018 and have size 127.



W. Wang, W. Shen and T. Tong / Journal of Statistical Planning and Inference 211 (2021) 423-438 431

Table 2
AMAE for the existing estimators with n = 50, 200.
n Error LS NEW —S NEW —R
50 Eq 0.237 (0.223) 0.302 (0.300) 0.248 (0.239)
E» 0.744 (0.326) 0.399 (0.115) 0.348 (0.127)
E3 0.770 (0.216) 0.897 (0.236) 0.805 (0.274)
E4 3.380 (5.250) 1.035 (0.235) 0.890 (0.271)
Es 0.664 (0.204) 0.863 (0.170) 0.713 (0.197)
200 Eq 0.131 (0.038) 0.162 (0.031) 0.135 (0.037)
E, 0.404 (0.141) 0.190 (0.036) 0.159 (0.041)
E3 0.408 (0.147) 0.382 (0.129) 0.326 (0.144)
E4 4.282 (15.22) 0.518 (0.113) 0.428 (0.113)
Es 0.367 (0.112) 0.523 (0.129) 0.466 (0.148)
n Error LAD Huber Tukey
50 E 0.305 (0.290) 0.247 (0.239) 0.253 (0.242)
E» 0.351 (0.096) 0.336 (0.119) 0.309 (0.100)
E3 1.566 (0.294) 0.867 (0.270) 0.931 (0.297)
E4 1.076 (0.227) 0.882 (0.260) 0.849 (0.234)
Es 0.929 (0.214) 0.713 (0.200) 0.786 (0.229)
200 Eq 0.163 (0.043) 0.135 (0.037) 0.136 (0.037)
E; 0.175 (0.044) 0.156 (0.041) 0.142 (0.042)
E3 1.230 (0.262) 0.416 (0.156) 0.447 (0.167)
E4 0.683 (0.159) 0.426 (0.129) 0.408 (0.119)
Es 0.691 (0.195) 0.461 (0.145) 0.522 (0.162)
——
: o
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Fig. 2. The comparison among the existing estimators.

With the rapid development of China’s economy, people’s demand for housing quality is becoming higher and higher.
As a result, the house prices also grew rapidly. Meanwhile, the Chinese government has promulgated a number of housing
policies to keep the stability of house prices in latest ten years. The house price data has large oscillation amplitude locally,
and our new method is suitable for the house price data. We apply our method to estimate the regression function in
Fig. 3. In the last ten years, the house price goes through tricycle fast increasing, and the increasing rate of the latter is
faster than that of the former.

6. Conclusion and discussion

In the presence of the platykurtic and heavy-tailed errors, we propose an addition-sequence method for the robust
estimation of regression function. The new method consists of three main steps: construct a sequence of symmetric or
random addition, estimate the errors using the LAD regression, and obtain the robust function estimation. Under different
smoothness conditions, we proposed three estimators for improving the finite-sample performance.

In this paper, we focus on the nonparametric function estimation with equidistant designs. The method can be
extended to random designs with minor changes, which is similar to fixed design except the kernel estimation method.
Assume the X; is a random variable with density function f(-). We focus on the estimation of m(xy) at the design point
Xo. Firstly, we define the first-order random addition sequence as

yo _ Yit¥

f 5 i, L1 1X; — xol < h, |X; — x| < h},
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Fig. 3. The robust estimator for the house price of Beijing.

where h = o(1) is a bandwidth. Secondly, assume that m(-) is one-time continuously differentiable. Then the first-order
Taylor expansions of m(X;) and m(X;) around x, are

m(X;) = m(xo) + mV(x0)(X; — x0) + 0(X; — Xo),
m(X;) = m(xo) + m(x0)(X; — x0) + 0(X; — o).

Thus, in the neighborhood of xy with radius h, we have
Yj(l]) = m(xo) + m'(xo Xyt + mjt + 0 (x;1) ,

X+X—2xg

where nj = (¢j + €)/2 with Median(n;) = 0, and x; = 3

with |x;| < h, and
Median(Yj(lU) ~ m(xo) + m'(Xo)Xjr.
Thirdly, we adopt the locally weighted least absolute deviation regression to estimate parameters

(&io, @) = arg amian Z |Yj(ll) — aio — X1 |Kn(Xj — X0)Kn(X) — Xo),
i0-%i1

1<j<l<n
where Kj,(-) = K(-/h) is a kernel function with the bandwidth h. Define the estimator of m(xy) as
m(xo) = &io-

It is interesting to consider the robustness properties in nonparametric models: the breakdown point (Hampel, 1968;
Huber and Ronchetti, 2009) and the influence function (Hampel, 1974; Ichimura and Newey, 2017).
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Appendix A. Lemmas

Proposition 1. Assume that the errors ¢; are i.i.d. with median 0 and a continuous density function f(-), then n; =
(eij+e€ir)/2 (=1, ..., k) are i.id. with median 0 and a continuous density g(-), where

g(x) = Z/OOf(Zx —€)f(e)de = E[f(2x — €)].
Further assume that f(-) is symmetric, then
20)=2 [ fHexte = 261f(eN.

Proof. The distribution of n; = (ei_; + €i4)/2 is

Fyy (%) = P((€i—j + €i4j)/2 < X)
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// fleij)f (eij)deiyjde;;
€ijS2X—€i_j

0o 2X—€j_j
=/{f Flewp)densif (er_p)der

:f F.(2% — &_)f (ei_j)dei_y.

(o)

Then the density of n; is

dF;, (x) 00
g0 e —= =2 [ fax— e le e
X —00
By the symmetry of the density function, we have

y0) = [ Fil=eis)tersdecs

oo

1
= (Fe — EFGZ(Gi—j)) |iooo
1

£(0)

53
2 / fz(éj,j)dei,j. ]

Lemma 1. Suppose that the errors ¢; are iid with median 0 and a continuous positive density f(-) in a neighborhood of zero.
Define the function

M(s, t) = E[|e; +s — t| — |e; +s|].

Then M has a unique minimum at point (0, 0), and furthermore in a neighborhood of (0, 0),
M(s, t) = f(0)t? — 2f(0)st + o(s® + t?).

Proof. See Wang and Scott (1994). O

Lemma 2 (Convexity Lemma). Let {¥;(6) : 0 € ®} be a sequence of random convex functions defined on a convex open subset
© of RY. Suppose that A is a real-valued function on © for which A;(6) LA A(0), for each 6 in ®. Then for every compact subset
K of ©,

sup |Ai(6) — 1(6)] > 0.

feKk

The function A is necessarily convex on ©.

Proof. See Pollard (1991). O

Appendix B. Proof of Theorem 1

Following the techniques by Pollard (1991) and Wang and Scott (1994), we have an analogous proof. The details are
as follows. Write z = (k)~"/2, then Y_f , z2 = 1 and max |z;| — 0. Define u; = B0 — fit + Pi2d? and

k
Gil6) =Y _(Imy + uy — zi6h| — |ny + ugl)
j=1

Due to Lemmas 1 and 2, we have

6; = (k)"/*(bip — big) = arg min Gy(6;),

where by = arg min ij=1 |Yi§-2) — byl
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Define
I'(6;) = E[Gk(6;)]

k
= Z M(Zj@i, u,-j)
j=1

= g(0)07 — 2g(0)k %6, ) " uy.

Let D; = x[n;j + u; < 0] — x[ny + u; > 0], where x denotes the indicator function. Then define
Rij(6;) = |77u + u — zi0;| — Inij + ui| — (Dj — E[Dj1)z6;,

and W = Z] 1(D; — E[Dj])z;. Due to E[W] = 0, we finally write
k
Gl6) = I'(6)+ W6 + > _(R{(6:) — EIRi(6)])z;.
j=1

For the fixed 6;, the sum of centered terms ¢; = R;j(6;) — E[R;j(6;)] contributes only an 0,(1) to G. Define
Ru( i) = (|77u+uu_219| |77ij+uy| DZ] i) — [|I7U+UU—ZJQ| |771'j+uij| —DijQ,'],
and then fu = R,]( i) — E[RU( 6;)]. Due to the Cauchy-Schwarz inequality and the fact that max |z;] — 0, we have

Enzkfj(eou = ZVHT[RUW )
j=1 j=1
k

<4 OPE{xlIng + uyl < |z6i1}]
j=1

k
<4) 02U(lz6l)
j=1
k
<4) 62U(l6il max |z))
j=1
— 0.

where U(t) - 0ast — 0.
Rewrite

Gi(6;) = g(0)67 — 2g(0)k~ /6, Z Ui + 0(1) + W6 + 0p(1).

Define
M(6i) = G(6;) + 2g(0)k~ 20, — W,
A6;) = g(0)67,

we establish the uniform convergence on a compact set due to Convexity Lemma. Finally define the approximating
function as

$(6) = g(0)67 — 2g(0)k /6, Zuu, Zu,, +we,

and find the minimizer 6; = —W /2g(0) + k”/2 Zj=l u;; by taking the derivative and setting it equal to 0
99(0:)

a6;

The central limit theorem ensures that W_has asymptotically the normal distribution.
Rewrite W in terms of the minimizer 6; as

W = —2g(0)6; + 2g(0)k /2 Zuu,
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and thus
G(6:) = g(0)(6; — 6;)* — g(0)87 + r(6y),

where for each compact set K, supy |r(6;)| £ 0. We verify that 6; lies close enough to ; to be asymptotically normal, thus
we show that

éi—éi—>0.

Now we prove that for every §, P(|6; — é,-|) — 0. On the close ball B(;, §) with center 6 and radius 8, Because 6; converges
in distribution, it is stochastically bounded. The compact set K can be chosen to contain B(6;, §) with probability arbitrarily
close to 1, which implies

A(6;) = sup [r(6)] 5> o.
B(6;,8)

Appendix C. Proof of Theorem 2
Define ¢j; = Bito — (Bioo + ﬂiozdjz). Using the similar discussion in Wang and Scott (1994), we have
Elbio | €] — k™' Z i = Bio,
1<j<k

which simplifies to

Elbio | &1 — Bioo = k™' Z Bioad? .

1<j<k

Thus the bias of m(x;) is
m@(x;) k>

Bias[n(xi)] = E[(x))] — m(x) = Elbio | ei] = oo ~ —— —

From Theorem 1, we have the variance of m(x;) is

R ~ 1
Var[m(x;)] = Var[b | €] ~ W

Appendix D. Proof of Theorem 3

Following the techniques by Wang et al. (2019), we have an analogous proof. Rewrite the objective function as a
U-process

Se@)=" Y flYiyj, Yele),

—k<j<I<k
where
Yir + Yis X+x 1
folYia, Yila) = | == — aio — i == 151051 < (x| < h),
with « = (ajo, @j1)T and h = k/n. Define U,(a) = ﬁsn(a), H = diag{1, h}, and X; = (1, @)T. Note that

arg min S, (o) = arg min Up(a) = arg min[U,(«) — Up(B)1,

where g = (m(x;), m'(x;))".
We first show that H(@ — B) = o0p(1). We use Lemma 4 of Porter and Yu (2015) to show the consistency. Essentially,
we need to show that

(1) supgep |Un(ar) — Un(B) — E[Un(ar) — Un(B)]I LA 0, where B is a compact parameter space for «;
(ii) infypa—py=s E[Un(e) — Un(B)] > € for n large enough, where § and € are fixed positive small numbers.

We use Theorem A.2 of Ghosal et al. (2000) to show (i), where
Fn = {falYiyj, Yirila) — fa(Yiay, Yigil Bl € B}

Note that 7, forms an Euclidean-class of functions by applying Lemma 2.13 of Pakes and Pollard (1989), where o = 1,
fl,t0)=0,9()= ||Xﬂ||hl21(|x,»| < h)1(]x;] < h) and the envelope function is F,(-) = M¢(-) for some finite constant M. It
follows that

N(ellFallg.2 F, L2(Q)) S €€
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for any probability measure Q and some positive constant C, where < means the left side is bounded by a constant times
the right side. Hence,

1 o . 1 2171/2 o 1 1
—E[| logN(ellFallq,2, F. La(U3))] < —(E[F; 1) log —de = 0(-),
n 0 n 0 € n

where U} is the random discrete measure putting mass
of Ghosal et al. (2000), the projections

FoYisiler) = f FuYisgs Yintler)dFy,,
satisfy
sup N(€|Fyllg.2, Fn, L2(Q)) S €72,
Q

ﬁ on each of the points (Yiyj, Yiy1). Next, by Lemma A.2

where 7, = {fu(Yiyjloe) — fu(Yisj|B)l € B}, and F, is an envelope of 7. Thus,

[ee) _ _ o0 _l
n’l/zE[/ log N(e. 7, Ly(Pa))Ide < n~"(E[F2])"/? f log _de = 0( 72
0 0 €

By Theorem A.2 and Markov’s inequality, condition (i) is satisfied.
As for condition (ii), by Proposition 1 of Wang and Scott (1994),

E[Un(a) — Un(B)]

2 {() 1
T — 1) ; = XiH Hle = B 5101 = W(xl < h)

2
Tan=1) ;g(O)[m(xHj) — m(xiy) — X],Tl-ﬂ][ijl'H—lH(a _ 8]

1
ﬁl(lle <MW(lx| <h)
>5% — hS.

Next, we derive the asymptotic distribution of ~/nhH(& — B). Firstly, we approximate the first-order conditions by
Theorem A.1 of Ghosal et al. (2000). Secondly, we derive the asymptotic distribution of ~/nhH(@ — B) by the empirical

process.
Firstly, the first-order conditions can be written as
2 , ;oo Nh
r—" D sign(Yigs + Yo = ZTH&)Z1~- 10| < W] < h) = 0p(1),

j<l
where Z; = H*‘Xﬂ. By Example 2.9 of Pakes and Pollard (1989), 7, forms an Euclidean-class of functions with envelope
Fy = 1Zall 2 1(1%] < h)1(lx| < h), where

Fro={f,(Yiyj, Yiqler) : o« € B,
SO

N(ellFyllg.2, F L2(Q)) S €7

for any probability measure Q and some positive constant V. By Theorems A.1 and A.2 of Ghosal et al. (2000), it follows
that

nE{ sup |U3f, — 2Py(Ea[fi(Yisj, Yirile)]) — ELfL(Yiyjs Yirtlo)]]}
faeFh

o) 1
<El f log N(e., 7. L,(U))de] < f log(e ™ de EIEL2] < b7,
0 22 0

where P, is the empirical measure of the original data, E,[-] takes expectation on Y;,; and also averages over d;, and E[-]
takes expectation on (Y, Yi;1) and also averages over (X;, X;). Thus,

n'2 sup |Usf, — 2Pa(Ex[f)(Yits, Yirtlo)]) + ELf(Yigs, Yitle)]| = op(1),
freFn

which implies
n'2{=2Pu(Ea[f;(Yisj, Yirtl@)]) + ELf(Yiag, Yirtl@)T} = 0p(1),
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where
Ex[f(Yiyj, Yirilo)]

Jh
=5 D I2F(Yiyy — m(di) = ZjHo) — 11Z31(11 < h)1(l < h)
l

with F.(-) being the cumulative distribution function of €. In other words,
2G (E_z[f/(ijv Yirtl&)]) + ELfy (Y, Yirtl@)] = 0p(1),

where G,(f) = +/n(P, — P)f is the standardized empirical process. By Lemma 2.13 of Pakes and Pollard (1989), Fin =
{E_z[fn’(Y,ﬂ, Y,+,|o¢) : o € B]} is Euclidean with envelope Fy, = %Zﬂ Y Zall 101 < )1(1%| < h), so by Lemma 2.17
of Pakes and Pollard (1989), and H(& — ) = 0,(1), we have

(EZ[f( i+js 1+l|a)) (EZ[f( i+js 1+I|ﬂ)])+op( )-

Thus,
2Gn(Ealfy(Yiag, Yot B)) + ELf)(Yiis Yia|&)]
=23/nPa(Exlf;(Yisg, Yistl B)]) — 2ELf(Yisyi, Yirt B)]
+ V(Elf;(Yisg, Yistl&)] — ELf(Yisg, Yisal B)]) + V/RELSf(Yisg, Yisa| B)]
=23/MPy(E[f)(Yits, Yirt)]) + 2Pu(Ealf)(Yins, Yirt )] — E2lf(Yins, Yirt)])
+ \f E[f YI+J7 Y1+l|05)] - E[f (YH—j! Y1+l|,3 + \[E[f H—Js Yl+l|,3)]
=2/0Py(Ex[f;(Yie, Yie)]) + v/ 0(ELf; (Y, Yisal&)] — ELf;(Yiag, Yiral B)])
+ VIE[f;(Yigj, Yl B)]
=0y(1),
where

- h
Ealfu(Yiyg, Yip)] = n%; > [2Fc(eisj) — 11Zp1(1x5] < W1(xi| < h)
I

satisfies E[Ez[f (Yi4, Yizn)]l = 0, and the second to last equality is from

NUPHELf(Yig, Yirtl B)]) — Pa(E2lfu(Yisjs Yir)))} & VREIFL(Yigs, Yirt B)]-

Since

_ Jh
B (Yisg, Yitlo)] = —5 lijzﬂluxn < h)1(|x)| < h)

X 12 [ Fie -+ miss) + mOs0) ~ Z]Ha) = 1f(e)de
we have

1
VAEL (Vi Yial@)] = B (Yigs, Yisal BY) &~ —v/nhg(O)(— > © iz H(&
Lj

m®(x;)
2!

_ 1
VREL Vi, Vi B)] ~ V/nhg(0)— - > Zi(x) +x7)
Lj
In summary,

1 1 @(x;
M{H(&—ﬂ)—(WZZﬂZﬁ)*(WZZﬂ(xf+x%))m ),
Lj Lj

NZg 0) th szl fP EZ[f i+js z+l)])

Thus, the asymptotic bias is

1 mP(x)  mP(x) k?
Try—1 T i
eH (s Zzﬂzﬂ zhz Zzﬂx +x7)) = w2
Lj
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and the asymptotic variance is
1
Try—1,-—1 —1py—1
eH G VG H e= ——,
kg(0)? 6g(0)%k

where e = (1,0)7, G = klz Zl’jZﬂij, and V = ﬁ ZJ(% ZIZJI)(% Zlel)T with Var[2F(eiy) — 11 = 1/3.
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