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1. Introduction

Let Zy, ..., Z, be unbiased estimators of the variances 012, e crpz. Furthermore, assume that Z; can be represented as
Zi = o,-z Xuz,i Jvfori=1,..., pwhere xii are independent and identically distributed chi-squared random variables with v
degrees of freedom. We considerthe problem of estimating 0% = (aft e crp“) for any t # 0 under both the squared loss
function
~2 2
2 22y _ (@
Lo(o°, 0 _(02—1> , (1)
and the Stein loss function [7]
A2 A2
R o o
LT(az,oz):—z—ln< 2)—1. (2)
o o
The Stein loss function is also known as the entropy loss or Kullback-Leibler loss function [9]. Note that the estimation of
variances Uiz or their reciprocals oi’z are special cases witht = lort = —1.

One of the motivations for the above problem is the detection of differentially expressed genes in microarray
experiments. In this case Z; corresponds to the sample variance of gene i. Typically the number of genes p is large and the
number of degrees of freedom v is small. Therefore, the conventional gene-by-gene t-test has low power [4,15]. This problem
is quite common in high-dimensional data, and various methods have been proposed to improve the variance estimation
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[2,8,14,16,13,4,6,10,15]. It is also known that improved variance estimation can substantially improve classification accuracy
for high-dimensional low-sample-size data [12,11].

The basic technique is to borrow information across estimates of variances, an idea originated from the James-Stein
estimator of means [7]. In particular, Cui et al. [4] proposed shrinkage estimators by applying the James-Stein estimator to
variances on the logarithmic scale. Tong and Wang [ 15] considered optimal shrinkage estimators within a general family of
estimators, also on the logarithmic scale. They showed that the sample variances are inadmissible.

In this paper, rather than on the logarithmic scale, we consider shrinkage estimation on the original scale. Consequently,
individual variance estimators are shrunk towards the arithmetic mean rather than the geometric mean. Let Z;(t) = h(t)Z/
where h(t) = I'(v/2)(v/2)"/T'(v/2 4+ t) and ['(-) is the gamma function. For any nonzerot > —v/2, Z;(t) is an unbiased
estimator of o' [15]. When 0 = o2 for alli, Z(t) = >_"_, Zi(t)/p is an unbiased estimator of o'*'. Therefore, we consider
the following shrinkage estimator for oft,

6 =aZ(t) + pZi(t), i=1,...,p, (3)
where o > 0 and 8 > 0 are the shrinkage parameters with o 4+ 8 > 0. It is clear that the above shrinkage estimator is an
extension of the James-Stein estimator for multiple means to multiple variances. There is no shrinkage when o = 0 and
B = 1. On the other hand, all variance estimates are shrunken to the bias-corrected arithmetic mean Z(t) when ¢ = 1
and B8 = 0. Note that we do not require o« + 8 = 1. Nevertheless, it is easy to check that, for any t > —v/2, the total bias
Zle {E(c?,.”) - aff} equals zero ifand only if « + 8 = 1. Therefore, we will also consider the special case whena + 8 = 1.In
what follows, under both the squared and the Stein loss functions, we study the optimal shrinkage estimators and estimate
the optimal shrinkage parameters.

The remainder of the paper is organized as follows. In Sections 2 and 3, we derive the optimal shrinkage estimators
for variances under the squared and the Stein loss functions, respectively. We also propose estimators for the optimal
shrinkage parameters and investigate their asymptotic properties. We then conduct simulations in Section 4 to evaluate
the performance of the proposed estimators and compare them to some existing methods.

2. Optimal shrinkage estimator under the squared loss

2.1. Optimal shrinkage estimator

Let6% = Y* 6% /pforany & and 6* = (6%, ..., 62'). It is straightforward to show that, under the squared loss
function (1), the average risk of &ft is
1 )4
Ro(a, B; 0*) 2 BZELQ(GiZIs &)
i=1
= A () + As(0) B2 + 2A4(Daf — 2A (D — 2B + 1, (4)
where A (t) = %572, Ay(t) = ¢ %[6*{As(t) — 1}/p + (6%)?%],A3(t) = T(v/2)I'(v/2 + 2t)/T?(v/2 + t), and
A4(t) = {As(t) — 1}/p + Aq(t). Note that 5%, 5%, 5% and 6% correspond to 6% with & = t,& = —t,& = 2t and
& = —2t respectively. In addition, Ry (a, B; 6%) is a positive definite quadratic function of « and 8.

Theorem 1. For any fixed p > 2, v, and nonzero t > —v/4, Ry (e, B; 0 is a strictly convex function of « and B with the
unique minimum point at

« _ A(DAs(t) — Ag(D)

o Ay (t) — A1(D)A4(t)
Q 2
Ay (t)As(t) — A3 (t)

Par = o om© — 20

(5)
The proof of Theorem 1 is omitted since it is straightforward. 5, and B, are the optimal shrinkage parameters. Denote the
corresponding optimal shrinkage estimator as 65{11 = aaz (&) + By, Zi(0).

A1(t) > 1by the Cauchy inequality and A3(t) > 1foranyt > —v/4[1]. Then A;(t)A3(t) — A4(t) = {As(t) — THA1(t) —
1/p} > O for any p > 2. Furthermore, A;(t)As(t) — Aﬁ(t) > 0 since it is the determinant of the Hessian matrix of the
strictly convex function Rq («, 8; 6'). Therefore, “31 > 0 and 6,-?{21 has a smaller average risk than the original estimator
Zi(t). When o? = o2 for all i, we have A;(t) = 1and Ay(t) = A4(t) = {As(t) — 1}/p + 1. Plugging them into (5) leads to
ocg"l1 = [{As(t)—1}/p+1]"'and ﬂél = 0.Now since A3(t) > 1foranyt > —v/4, we have oca1 < 1.Therefore, 65{11 also has

a smaller average risk than the pooled variance estimator Z(t) when oiz = o2 for all i. The following theorem indicates that
there is no need to borrow information across estimates of variances when the degrees of freedom v approaches to infinity.

Theorem 2. For any fixed p > 2 and nonzero t, as v — 0o, we have
(i) oca1 — 0and ,351 — 1when oiz are not all the same,
(ii) @y, — 1and B; = 0 wheno? = o foralli.
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The proof of Theorem 2 is given in Appendix A. We now consider the optimal shrinkage under the constraintof«+8 = 1.
Substituting 8 = 1 — « in (4), we have Ry (@, 1 — a; 0%) = {Ay(t) + As(t) — 2A4(t)}a — 2{A1(t) + A3(t) — A4(t) —
1}a + A3(t) — 1 for 0 < o < 1. Then the optimal shrinkage estimator cr Q2 = onZZ(t) + (1 - aQZ)Z (t), where

= (1 — 1/p){As(t) — 1}/{A2(t) + A3(t) — 2A4(t)}. It is not difficult to show that an < 1. Since A3(t) > 1 for any
t > —v/4and Ay (t) +As(t) — 2A4(t) > 0, then O‘Qz > 0forany p > 2.This implies thata has a smaller average risk than
the original estimator Z;(t). When a = ¢ for all i, noting that A;(t) = 1and Ay (t) = A4(t) we have aQ2 = 1regardless of
the value of v. As a consequence, cr reduces to the pooled variance estimator Z (t). This is different from the unconstrained

situation where an < 1. Finally, for any fixed p > 2 and nonzero t, as v — o0, we have an — 0 when ‘71 are not all the
same.

2.2. Estimation of the optimal shrinkage parameters

The optimal shrinkage parameters ozzg1 and ﬁ51 depend on the unknown quantities % where £ = t, —t, 2t,and —2t. We
estimate 5% by Z(£) = Y 7_, Zi(£)/p. Correspondingly, let A, (t) = Z(t)Z(—t), Ay (t) = [Z(2t){A3(t)—1}/p+Z%(t)1Z(—2t),
and A4 (t) = {A3(t)— 1}/p—|—2 (t)Z(—t) be the estimates of A1 (t), A, (t), and A4(t), respectively. Then we estimate the optimal
shrinkage estimators by

Yo T 00 — R0 & T A 0As() — R (D)
The estimated optimal shrinkage estimator under the squared loss function is then & crl Q = anz t) + ﬂQ]Z (t).

Similarly, for an under the constraint of « + 8 = 1, we have & an = (1 - 1/p){As(t) — 1}/{A2(t) + As(t) — 2]\4(t)}

and 6 0, = oc ZH+ (11— )Z (t). The following theorem summarizes the asymptotic behavior of the estimated optimal
shrinkage parameters asv —> 0.

Theorem 3. For any fixed p > 2 and nonzero t, as v — 00, we have
(i) &31 2% 0and Eél 23 1 when aiz are not all the same,
(ii) &32 23 0 when O‘iz are not all the same.

The proof of Theorem 3 is given in Appendix B. For high-dimensional data, it is common that v is relatively small and p
is large. In what follows we investigate the asymptotic behavior of the estimated optimal shrinkage parameters as p — oo.

We assume that o/ are i.i.d. random variables from a certain distribution F. Denote s = Eo]2 ¥ as the £-th moment of F.

Theorem 4. For any fixed v and nonzero |t| < v /4, assume that cr £y "Fwith0 < ug < oo for & = 2t and —2t. Then

(i) &31 —aél —'>‘0and;3(’51 —,331 —'>‘0asp—> 0,
(i) & —af S 0asp— oo
Q Q ’

The proof of Theorem 4 is given in Appendix C.
3. Optimal shrinkage estimator under the Stein loss

3.1. Optimal shrinkage estimator

Under the Stein loss function (2), the average risk of 6,2[ is given as

Rr(a, B; 0*) & Z ELr (07", 6"

p
=A(a+ B — 1 Z Eln{aZ(t) + BZi(t)} + Inc? — 1. (6)
p

i=1

Note that EIn{aZ(t) + BZi(t)} does not have a closed form as it involves the expectation of the logarithm of a linear
combination of independent but non-identically distributed chi-squared random variables. By Beckenbach and Bellman [3],
we have

1
o+

Z InZi(t) + BInZi(t) } < InfaZ(t) + BZi(t)} < aZ(t) + BZi(t).
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Since both Z;(t) and In Z;(t) are integrable for t > —v/2, thenE In{aZ(t)+ BZ;(t)} exists for any given « and §. Furthermore,
since — In x is a strictly convex function of x and aZ(t) + BZ;(t) is a linear function of @ and 8, then —E In{aZ (t) + BZi(t)}
is a strictly convex function of « and . Therefore, Ry («, 8; 6%') is a strictly convex function of « and 8.

Lemma 1. Foranya > 0, 8 > 0,and a + B > 0, the minimum of Ry(«, B; 62) is obtained on the line Ay (t)a + 8 = 1.

The proof of Lemma 1 is given in Appendix D. Replacing 8 by 1 — A;(t)« in (6), the average risk reduces to

Ry, (o; 6%') = —

p p
% ZEln[aZ(t) + {1 - A (Da}Zi ()] + % ZaniZ[,
i=1 i=1

where 0 < o < 1/A;(t).

Theorem 5. For any fixed p > 2, v, and nonzero |t| < v/2, Ry, («; ') is a strictly convex function of « on [0, 1/A;(t)] that
satisfies
(i) Ry, (@ 6%)]azo < O,

(ii) R, (@3 6*)]a=1/a,cy = O where the equality holds if and only if o> = o for all i.

The proof of Theorem 5 is given in Appendix E. Let a;l = argmingg(o,1/a, (o Ry (@ a?) be the optimal shrinkage
parameter under the Stein loss function. By Theorem 5, there exists a unique a;l in (0, 1/A;(t)] that satisfies R/T1 (a; 0%) = 0.
The optimal shrinkage estimator under the Stein loss function is then 63}1 = a?lz(t) + {1 —-A; (t)oz?1 1Z;(t). Since a?l > 0,
then &f;l has a smaller average risk than Z;(t). When 012 = o? forall i, it is seen that ail = 1/A;(t) = 1. Consequently &f}l

reduces to the pooled variance estimator Z (t). The following theorem indicates that there is no need to borrow information
when v is large.

Theorem 6. For any fixed p > 2 and nonzero t, as v — oo, we have

(i) af, — Owhen o are not all the same,
(i) Rr, (or; 0*) tends to a constant function of « when o = o for all .

The proof of Theorem 6 is omitted due to its simplicity. We now consider the optimal shrinkage under the constraint of
o + B = 1. Substituting 8 = 1 — « in (6), we have

1< . 1¢
R, (; 06%) = afA;(t) — 1} — ) Z Eln{aZ(t) + (1 — a)Zi(t)} + 5 Z In o2
i=1 i=1
for0 < @ < 1.Denote the optimal shrinkage parameter under the constraintofe +8 = 1as a?z = argmin,¢o 1R, (@; a?h)
and the corresponding optimal shrinkage estimator as &f}z = a}‘zf )+ @0 - aiz)Z,-(t). Similarly it can be shown that
for any fixed p > 2, v, and nonzero [t| < v/2, Ry, (a; a?t) is a strictly convex function of « on [0, 1] that satisfies
(i) R’T2 (a; %) |g=o < 0, and (ii) R/T2 (a; 0%)|4=1 > 0 where the equality holds if and only if aiz = o for all i. Therefore,

there exists a unique o, in (0, 1] that satisfies Ry, (a; o) = 0. Since o, > 0, 6,-?}2 has a smaller average risk than the
original estimator Z;(t). When aiz = o2 for all i, it can be shown that a}*z = 1. Consequently &f;z reduces to the pooled
variance estimator Z (t). Finally, for any fixed p > 2 and nonzero t, as v — oo we have (i) oc?z — 0 when aiz are not all the

same, and (ii) Rr, (a; a?") tends to a constant function of « when 012 = o?foralli.

3.2, Estimation of the optimal shrinkage parameters

The optimal shrinkage parameter a?l is the unique solution to

g 7 — f
R, (@ 0%) = - ZE[ 20 ~ AWz ] Y
1 P LazZ@®) + {1 —A(D)a}Zi(t)

in (0, 1/A1(t)]. We estimate A;(t) by A;(t) = Z(t)Z(—t), and R} (a; 6™) by

. 1< Z(t) — Ay(O)Zi(t)
R/ : 2t - _ ~ .
(@ 0%) p ; aZ(t) + {1 = A(H)a}Zi(t)

Itis e.alsytoverifythaltIAQ’T1 (@; 0% |g—o = Z() Y0, Z7 {h(—t)—1/h(D)}/p < O, ﬁ}l (@5 0*) | yer/a, ) = A1 (tH){A;(t)—1},and

i=1%i

ﬁ’{z (a; 0%) > Oforany « € (0, 1/;\1 (t)]. Note that k/rl (a; 02) |a:1/;,1(t) is not guaranteed to be non-negative. Nevertheless,
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Fig. 1. Boxplots of the ratios of AR(a,)/AR(a, ) under the squared loss function. Rows from top to bottom correspond to the shape parameter y with
values 3, 6 and 9, respectively. Columns from left to right correspond to the mean parameter p with values 1/3, 1 and 3, respectively.

we have /Z\l(t) % A((t) > 1asv — ooand /Z\l(t) 3 Ue— > 1asp — oo. Therefore, ﬁ}l (o5 02‘)|a:1/;\1(t) is non-negative
when either v or p is large. Consequently, there is a unique « in (0, 1/A1(t)] that satisfies IAQ’Tl (o; 6%) = Owhen v or p is

large. We denote the solution as &;l ,and the estimated optimal shrinkage estimator by 55}1 = &;Z(r) +{1-4A, (t)&}*1 }Zi(t).

Similarly, for otfz under the constraint of @ + 8 = 1, the estimated optimal shrinkage parameter &;2 is derived by solving
the equation &}2 (o; 0%') = 0 where
1< { Z(t) = Zi(t) }

Y .2t :A 11— - —
Ry, (a;07) = Ay() — 1 p; aZ(t) + (1 — a)Zi(t)

The corresponding optimal shrinkage estimator is denoted as &f;z = &;‘22 (t) + (1 — af )Zi(t). The following theorems
summarize the asymptotic properties of the estimated optimal shrinkage parameters under the Stein loss function when
VvV —> 000rp — oQ.

. ~ a.s. ~ a.s.
Theorem 7. For any fixed p > 2 and nonzero t, as v — 0o, we have a5, — 0 and o, — 0 when o} are not all the same.
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Fig. 2. Boxplots of the ratios of AR(a;; )/AR(o?;1 ) under the Stein loss function. Rows from top to bottom correspond to the shape parameter y with values
3,6 and 9, respectively. Columns from left to right correspond to the mean parameter  with values 1/3, 1 and 3, respectively.

Theorem 8. For any fixed v and nonzero |t| < v/2, assume that aiz £~ Fwith0 < ug < oo for & = 2t and —2¢t. In addition,
assume that E[Y"1_, Z2(t)/{pZ (t)}]*> < oo and E{A;(t) — uep—¢}> — 0asp — oo. Then, asp — oo,

(i) IAQ/T] (o; 0%) — Ry (o3 o) 23 0 uniformly for o € (0, 1/cpepi—e] with any ¢ > 1. In addition, ar, —aof, 2 0asp — oo
(ii) f?’TZ (o; 02%) — R’T2 (@;0%) 30 uniformly for o € (0, 1]. In addition, &y, — o, 2o asp — oo.

The proofs of Theorems 7 and 8 are given in Appendices F and G, respectively.

4. Simulation study

As in [15], we set p = 5000 in this section. We simulate aiz fori = 1,...,p from a gamma distribution with shape
parameter y and mean parameter . We consider all nine combinations of y = 3,6 and 9 and © = 1/3, 1 and 3. For each
given aiz, we simulate v 4 1 observations from N(6;, aiz) where 6; is a random sample from N(0, 1), and then compute Z; as
the sample variance based on these v + 1 observations. Based on Theorems 4 and 8, we need v > 4|t| for the squared loss
and v > 2|t| for the Stein loss. Fort = 1 we need v > 4 and v > 2 for the squared and the Stein losses respectively. The
estimates of shrinkage parameters are unstable when v = 5 under the squared loss and when v = 3 under the Stein loss.
Therefore, we consider v = 6, 7, ..., 12 for the estimation under the squared loss function, and v = 4, 5, ..., 10 for the
estimation under the Stein loss function.
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Fig. 3. Plots of log average risks for estimating o;? under the squared loss function. Lines marked with “1”,“2” and “3” correspond to the CHQBC estimator,
the TW estimator under the squared loss function, and 6,-_2Q1 , respectively. Rows from top to bottom correspond to the shape parameter y with values 3, 6
and 9, respectively. Columns from left to right correspond to the mean parameter p with values 1/3, 1 and 3, respectively.

For each setting, we repeat the simulation 100 times and then compute the following average risk

1 100 p

> Lol &), (7)

r=1 i=1

AR = ——
100p

where r represents simulation replications and L can be either the squared or the Stein loss function. To save space, we
present the comparison results for estimating 012 (i.e.t = 1) only. Comparative results for other values of t are similar.

We present results from two simulations. The purpose of our first simulation is to evaluate the loss of efficiency due to the
constraint + 8 = 1. Let AR(&S1 ), AR(&;SZ), AR(&;I) and AR(&;Z) be the average risks computed using (7) for the estimated
optimal estimators 51‘,2(11' &f?Qz’ &,-,le and 5&2 respectively. To evaluate the amount of efficiency loss under the constraint of
o + B = 1, we plot the ratios of AR(&EZ) /AR(&&) and AR(&}‘Z) /AR(&}‘I) in Figs. 1 and 2 for the squared and the Stein loss
functions, respectively. We note that the ratios are all greater than 1 as expected. That is, the shrinkage variance estimators
without the constraint have smaller risks than those with the constraint. Under the squared loss, the median efficiency loss
ofAR(&gz) over AR(&&) has a range between 19% and 25%. Under the Stein loss, the median efficiency loss ofAR(&iz) over
AR(&,’fl) has a range between 4% and 12%. It is interesting to note that the median efficiency loss under the squared loss
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Fig. 4. Plots of log average risks for estimating aiz under the Stein loss function. Lines marked with “1”, “2” and “3” correspond to the CHQBC estimator,
the TW estimator under the Stein loss function, and &le , respectively. Rows from top to bottom correspond to the shape parameter y with values 3, 6 and
9, respectively. Columns from left to right correspond to the mean parameter u with values 1/3, 1 and 3, respectively.

function remains constant over different values of v while the median efficiency loss under the Stein loss function decreases
as v increases.

The purpose of our second simulation is to compare the performance of the proposed estimators o and a, T, with
the shrinkage estimators in [4,15] which are referred to as the CHQBC and TW estimators, respectively. Note that both the
CHQBC and TW estimators are based on the logarithmic scale which shrink towards the geometric mean. All the shrinkage
estimators perform considerably better than the original estimator Z;. For simplicity, we will not present the average risk of
Z;. Figs. 3 and 4 show the average risks on the logarithmic scale under the squared and the Stein loss functions, respectively.
We note that, except for very small v, the proposed estimator o has the smallest average risk in most settings under the
squared loss. Under the Stein loss function, all three estimators have similar performance except for the case when y = 3
where the proposed estimator a Ky performs slightly worse than the CHQBC and TW estimators.
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Appendix A. Proof of Theorem 2

For any fixed p > 2 and nonzero t, as v — oo, we have A3(t) — 1,A,(t) — (6%)%6~%, and As(t) — Aq(t).
This leads to A{(t)As(t) — A4(t) — 0 and {Ay(t) — A1(t)As(t)} — {A2(D)As(t) — Aﬁ(t)} — 0asv — oo.In addition,
Ay (t)As(t) — A3(t) — Casv — oo, where C = (62)* Y0 3" (0, % — 6, °)/p* with p > 2.1t is seen that C > 0 as
long as aiz are not all the same. Therefore, oea1 — 0 and ﬁal — 1 when criz are not all the same. When aiz = o2 for all i, we
have oy = [{As(t) — 1}/p + 117! - 1and Bs, =0asv — oo.

Appendix B. Proof of Theorem 3

We first prove Theorem 3(i). For any fixed p > 2 and nonzerot,as v — oo, we have Z;(t) = oft and Z;(—t) = o,-_Z[.This
leads to Z(t) 23 6%, Z(—t) =3 6572, and A, (t) =3 A;(t) as v — oo. Similarly, we have A, (t) 25 (62)26 %, A3(t) — 1,
and A4(t) 33 Ay(t) as v — oo. Therefore, A; (1)As(t) — Ay(t) 33 0 and Ay(1)As(t) — A2(t) 23 Casv — oo where C =
(Ca i Zj>i(a,._2t—crj_2t)2/p2 > 0.Note that C = Oifand onlyifo;? = o'* for all i. Therefore, & 2% 0 when o7 are not
all the same. In addition, noting that {A, (t) —A; ()A4(t)} —{A2 () As () —A2(t)} = Ay (t){1—As(t)}—A4(t) (A () —Aq(t)} 23 0

as v — oo, we have BEl 23 1 when 012 are not all the same.
The proof of Theorem 3(ii) is similar and thus is omitted.

Appendix C. Proof of Theorem 4

We prove Theorem 4(i) only. By the strong law of large numbers (SLLN), as p — oo, we have A;(t) 3 Weld—g, Ax (L) 3
Mfﬂ—zn and A4(t) = W i—¢. Then for any fixed v and nonzero t, as p — oo,

s Mep—tA3(t) — et As(t) — 1

= 2 2 2 2 :
M —2eA3(t) — iy pep—cfAs(O) o/, — 1}

a,
Noting that ;¢ /?, > 1and As(t) > 1, we have 0 < ag, < 1/(epy).

Forany & > —v/2, Z;(€) are i.i.d. random variables with EZ;(§) = E[E{Zi($)|ai2}] = Eofé = ue. By SLLN, Z(&) = Mg as
p — oo. Therefore, for any fixed v and nonzero |t| < v/4, we have Aq (t) % e _g, Az(t) % uﬁu,zt, and A4(t) = e ¢
as p — oo. This implies that 0‘31 and 5‘31 have the same limit. Thus, by the Slutsky theorem, we have 6:31 — 0‘31 2% 0as

p — oo. Finally, by the same arguments we have Bal — ﬁal B oas p — oo.

Appendix D. Proof of Lemma 1

Taking the first partial derivatives with respect to & and g yields

9 o2y = _lZp {Z(t)}_t

aaRT(aﬂ IB’G )_Al(t) P L E (XZ([)—f—ﬂZI(t) _07 (8)
3 Sy g 1 $ { Z(t) }S_et

AT P I P B ©

Multiplying (8) and (9) by « and S respectively, and then adding them together, we have A;(t)a + 8 = 1. Note that
Rr(a, B; a?) is a strictly convex function of « and g. Thus if the minimum value of Ry («, 8; ¢%) is inside the open set
{(a, B) 1@ > 0, B > 0}, it must satisfy A; () + 8 = 1.

We now consider the case when the minimum value of Ry («, 8; 6%) locates on the boundary. First consider the case
wheno = O0and B > 0.Then Rr(0, B;0*) = B —InB — > ' EInZ(t)/p + > I Inc?/p — 1. Taking the first

set

derivative, we have (3/38)Rr (0, 8; 6%') = 1 — 1/8 = 0. This leads to 8 = 1. Since (3?/38?)Rr (0, B; 6*') = 1/8% > 0,
then Ry (0, B; ¢%) is minimized at (@, 8) = (0, 1). Next consider the case when @ > 0and 8 = 0,R;(«, 0; 6%) =
Ai(t)a—Ina—EInZ(t)+Y ", Ino /p—1.Taking the first derivative, we have (3/da)Rr (a, 0; 6%) = A (t)—1/a £ 0. This
leads to o = 1/A;(t). Since (92/da?)Ry (e, 0; 6%') = 1/a® > 0, then Ry (a, 0; ¢%') is minimized at (&, 8) = (1/A;(t), 0).
We note that both («, 8) = (0, 1) and («, B) = (1/A(t), 0) satisfy A1 (t)a + B = 1.
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Appendix E. Proof of Theorem 5
We first prove Theorem 5(i). The first derivative of Ry, (c; %) evaluated at = 0

1< [Z() — A (DZi(t) 1< Z(t)
/ . L2t _ — _
i (05 0 oo = pZE{ zi(t) }_Al(t) pZE{z,-(t)}'

i=1 i=1

Noting that Z;(t) are independent of each other, we have

Z@))

1< Ki(t)
(pZog ){; }+ (1=K},

Jj=1 i

where EZ ' (t) = Ki(t)/o? and Ky (t) = T (v/2 +t) T (v/2 — t) /T2 (v/2). Then

1iE{Z(t)}—1< DAL + ~ (1= Ky (0}
Ei:l 70|~ 1(0A( +B 1}

Consequently R/T1 (a0; %) |g—o = {1 — K1(t)}{A1(t) — 1/p}. Finally, noting that A;(t) > 1and K;(t) > 1 for any nonzero
|t| < v/2, we have R} (a; 6*)|q=0 < O foranyp > 2.
We now prove Theorem 5(ii). The first derivative of Ry, (c; o) evaluated at o« = 1/A;(t)
: 13 [Z(0) = ADZi()
Ry, (0 0°) la1/ay0) = —ZE{_ !
P5 Z(t) /A1 (F)
Note that A;(t) > 1. We have R («; 02)|a=1/a;(y > 0 where the equality holds if and only if 6* = 0% for all g.

} = A3(t) — A (D).

Appendix F. Proof of Theorem 7

It has been shown in Appendix B that, for any fixed p > 2 and nonzero |t| < v/2, Zi(t) = aft, Z(t) % 6% and
Al(t) = Aq(t) as v — oo. Noting that K;(t) — 1asv — oo, we have

Z(t) — AuD)Zi(t)

Ry, (0 67)]o= 0——E;T =AO{1 - K (D)} =0,
and
2

. 1< Z(t) — A1 (DZ(1)
R/ : 2ty —
n(@ o) p;{azawn—Aﬁr)a}&(r)}

as. 1 P o 1(t)0'2t ’

- p;[ to+{1—aA1(r)}o”]

>0

where the equality holds if and only if aiz = ¢ for all i. This implies that, as v — o0, IAQ’Tl (or; 02) is a strictly increasing

function of & with a minimum value at @ = 0 when ¢/ are not all the same. Therefore, af, 23 0as v — oo when of are
not all the same.
The proof of &z, — 0is similar and thus is omitted.

Appendix G. Proof of Theorem 8

We prove Theorem 8(i) only. Let
Z(t) = A(OZi(0)
aZ(t) + {1 = A (D}Zi(t)’
Z(t) — A(O)Zi(t)
aZ(t) + {1 = AO)Zi()
e — pepb—eZi(t)
o+ {1 — pep—}Zi(t)”

Hi(Z(t), o, Ar (b)) = —

Hi(Z(6), @, Ay (1)) = —

Hi(e, @y plepl—r) = —
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For a fixed vand o € (0, 1/cpuep—¢] with c > 1, we have

R (a;0%) — R (o; *)| < T4+ +11I,
Ty Ty

where

18, ~ 1<
== Y HiZ(®), o, A (D) = = > Hilpe, @, pua )|
P Pim

1< 1&
= ‘ ZHi(/*Ltv o, hefht) — — Z EH; (e, o, pea—e)|
b= |

1< 1< -
I = ‘p E EH;(pe, o, phed—r) — I; E EH;(Z(t), a, A;(t))] .
i=1 i=1

It suffices to show that 123 0, 1123 0, and Il 5 0 uniformly for o € (0, 1/cpuept—¢] asp — oo.
For I, we have

1 - - 1<
= D H(Z(®), 0, A(©) — = Y Hille, @, pepo)
p i=1 p i=1
_ |1 X": (A1) = pep—dZ(0) + {Z(0) — re)Zi(0)
D= DD,
] Z2(t) Zi(t)
< |A1(r>—mu_f|—ZD D, +|Z(r)—m|— 5.0, (10)

where Dy = aZ(t) + {1 — A{(t)a}Zi(t) and Dy = apee + {1 — pep—c}Zi(t). Note that A (t) = pep— asp — oco. There
exists an Ny > 0 such that for any p > Ny, A1(t) < cuep—; for any givenc > 1. Whena € (1/2cpuepi—s, 1/Cpaepb—¢], we
have D; > aZ(t) and D, > au, for any p > N;. Consequently, as p — oo,

ZA(t 2 )P 1 h%(t
Z () (Cllr_ll t) 1 Ziz(t)a—& ()4C MztlL < .
DiD; = wZ(t) p h(2t)

When o € (0, 1/2cuepu—¢], we have D1 > Z;(t)/2 and D, > (1 — 1/2c¢)Z;(t) for any p > N;. Consequently,
1< Zz(t) 4c

p D]Dz 2c—1

Therefore, for any ¢ € (0, 1/cpuept—¢] withc > 1, Z, 1Zi Z%(t)/(pD1D,) is almost surely bounded as p — oo. Slmllar
arguments show that Zi:] Zi(t)/(pD1Dy) is almost surely bounded as p — oo. Then, together with the facts that A (t) 3

Wepb—e and Z(t) % Mt as p — 00, by Slutsky’s theorem, we have I 2o uniformly for o € (0, 1/cpurp—¢] withc > 1.
For II, noting that E{H;(j4;, &, j:j4—¢)}?> < oo for any nonzero |t| < v/2and o € [0, 1/ pi—¢], by Theorem 16 in [5], we

have Il 33 0 uniformly for ¢ € (0, 1/cpuepu—¢] withc > 1.
For III, we have

Il =

1< 1< .
EZEHI'(MU a, Mt//(/—t) - EZEHI(Z(t)7a7Al(t))
i=1 i=1

1& _
< 525 [Hi(e. o, puept—e) — HiZ(6), o, Ay ()]
i=1
1 % E’{Al(t)—wt}zz(t)‘ ‘{Z(t) mIz(O | (11)
D2D3 D2D3

where D, is defined above and D3 = aZ(t) + {1 — A (t)«}Zi(t). Following a similar argument as above it can be shown that
fora € (0, 1/cpuepi—¢] withc > 1,

< G [E(A© — pen—o?]"?,

1 Xp: . ‘ {AL(0) = pep—)Z2 ()
: D,D;
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where C; is a finite number independent of o. Now since E{A;(t) — ¢t }> — 0asp — oo, the first term in (11) converges
to 0 uniformly for o € [0, 1/cpepe—¢] with ¢ > 1. Similarly, it can be shown that the second term in (11) converges to 0
uniformly for @ € [0, 1/cu¢p—_¢] with ¢ > 1. Therefore, III = 0 uniformly for @ € (0, 1/cpuept—¢] withc > 1.

Now we show that &;‘1 — a?l X oas p — oc<. For ease of notation, denote f;(«) = IAQ’Tl (a; 0%) and fo (o) = R/T1 (a; 0%0).
When p > N; such that A;(t) < cuept—r, we have forany o € (0, 1/cpuepe—] withe > 1,

DI B Z(t) — A (DZi(t)
hie) = p; aZ(t) + {1 — A (O)a)Zi(t)
21 z”: 2O A OZ©)
p i=1 Z(t)/cﬂtﬂ—t +Zl(t)
as. s [z =1/ )?
= (ep—t)’E {Zl(t) e } , asp — oo. (12)

Now since Z; (t) is a non-trivial random variable, we have minye,1/cp ] liMp—oo f{ (@) = M > 0 where M is the limit in
(12). Thus, there exists an N, > 0 such that for any p > N, |f (a?l) —fi (o~z$l)|/|61}"1 — a;‘ll > M /2. Note that, by definition,

fi (&?l) = fz(aﬁl) = 0. This leads to |f; (oc’Tkl) —fz(a;fl)| > (M/2)|5¢$1 — oc’Tkl| for any p > N,. Note that f; () — fo() =o
uniformly fora € (0, 1/cpuep—¢] withc > 1.Bylettingc — 1such thatoz?1 € (0, 1/cpuepr—t], we havefl(ail)—fz(a;‘l) -0
as p — oc. Finally, as M > 0, we have 51}"1 — oz;l — 0asp — oo.

The proof of (ii) is similar and thus is omitted.
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